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Abstract
We compute characteristic numbers of elliptically fibered fourfolds with multisections or
non-trivial Mordell–Weil groups. We first consider the models of type E9−d with d = 1,2,3,4
whose generic fibers are normal elliptic curves of degree d. We then analyze the characteristic
numbers of the Q7-model, which provides a smooth model for elliptic fibrations of rank one
and generalizes the E5, E6, and E7-models. Finally, we examine the characteristic numbers of
G-models with G = SO(n) with n = 3,4,5,6 and G = PSU(3) whose Mordell–Weil groups are
respectively Z/2Z and Z/3Z. In each case, we compute the Chern and Pontryagin numbers,
the Euler characteristic, the holomorphic genera, the Todd-genus, the L-genus, the A-genus,
and the eight-form curvature invariant from M-theory.
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1 Introduction
In F-theory, we attach to an elliptic fibration ϕ ∶ Y Ð→ B a complex compact Lie group G and
a representationR of the Lie algebra g of G. Such an elliptic fibration is called a G-model [32].
G-models are used to geometrically engineer gauge theories in compactifications of M-theory
and F-theory [15, 66]. They also play an important role in the study of superconformal gauge
theories [49] and Higgs bundles [5]. G-models are typically defined by crepant resolutions of
singular Weierstrass models given by Tate’s algorithm [15, 25, 66]. The geometry of G-models
provides a rich setting for discussions at the boundary of string theory, algebraic geometry,
arithmetic geometry, singularity theory, combinatorics, and birational geometry.
In the last few years, there was significant progress in the longstanding problem to de-
scribe all crepant resolutions of a given G-model given by a singular Weierstrass model and
understand the geography of the flops connecting them [6, 29, 32, 34–41, 48, 60]. Another
natural step in our understanding of these geometries is to explore further their topology
and intersection rings. The intersection ring is not invariant under flops as we see already in
the study of triple intersection numbers of elliptically fibered threefolds connected by flops
[29, 31, 34, 35, 37, 38].
The most convenient invariants to compute are those preserved under crepant birational
maps, as they are independent of a choice of a crepant resolution. Such invariants include the
Euler characteristic and the Hodge numbers [10, 55]. In particular, their values for Calabi-
Yau fourfolds were subject of conjectured inspired by string dualities [16]. There have been
major improvements in the literature that such conjectures are now becoming theorems with
even more general assumptions [32]. In particular, the Euler characteristics of G-models of
arbitrary dimensions are systematically derived in [32].
In addition, if the variety is at most of complex dimension four, its Chern numbers, and
hence all its characteristic numbers that are rational combinations of Chern numbers, are
also invariant under crepant birational maps [2, 33]. Only elliptic fibrations of dimension four
or less are considered in [33], since crepant birational fivefolds do not necessarily have the
same Chern numbers as illustrated by Goresky and MacPherson in [45, Example 2, p221].
Furthermore, the same techniques allow the determination of many more invariants. Some
of the relevant invariants are painful to collect systematically as they depend on a choice of
a crepant resolution and the number of such resolutions can increase quickly [27, 28, 48].
For example, the characteristic numbers of G-models that are smooth fourfolds obtained by
crepant resolutions of Weierstrass models have been determined recently in [33]. The key to
all these developments is a new pushforward theorem that streamlines computations in the
intersection ring of a blowup with a center that is a smooth complete intersection [32].
The present paper is a follow-up to [33], where we computed characteristic numbers of
G-models of complex dimension four for G = SU(n) (n = 2,3,4,5,6,7), Spin(7), Spin(8),
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Spin(10), G2, F4, E6, E7, and E8. Each group considered in [33] are simply-connected, which
implies that the Mordell–Weil group of the generic fiber of the associated elliptic fibration
is trivial. We aim to extend the results of [33] to elliptic fibrations with multisections or a
non-trivial Mordell–Weil group.
Elliptic fibrations with multisections were first studied in string theory in [13, 14, 51]
as complete intersections in weighted projective spaces. They were generalized to complete
intersections in projective bundles in [3, 26]. Elliptic fibrations with non-trivial Mordell–Weil
groups were studied heavily in F-theory. For examples, see [8, 12, 17–19, 23, 46, 47, 56, 58–
60, 63] and [68, §7] for a review.
In this paper, we will focus on the generic models with multisections having trivial Lie
algebra g with Mordell–Weil groups Z/2Z, Z/3Z, and Z. Since the first model has a gauge
group SO(3), we also include in our analysis the G-models with G=SO(n) for n = 3,4,5,6;
they all have the Mordell–Weil group Z/2Z and are related to each other by base changes
[30, 35]. We also examine the G-model with G=PSU(3), which is the generic model with a
Mordell–Weil group Z/3Z [8]. Finally, we consider the case of elliptic fibration of rank one. A
generic model of an elliptic fibration of rank one was introduced in F-theory by Morrison and
Park [61]; a smooth model in the birational class of the Morrison-Park model is given by the
Q7-model introduced in [36], which generalizes a model introduced by Cacciatori, Cattaneo
and Geemen in [21] sharing the same Jacobian with the Morrison-Park model.
In particular, we determine the characteristic numbers of elliptic fourfolds ϕ ∶ Y Ð→ B of
the following three types of elliptic fibrations:
1. The generic fiber of Y is a genus-one normal curve of degree d for d = 1,2,3,4,5. Such
elliptic fibrations are called models of type E9−d. They are defined in [3, 26], where they
are used to provide strong coupling regimes of several systems of intersecting branes
and orientifolds preserving a fraction of supersymmetry and satisfying the tadpole con-
straints [3, 4, 22].
2. Y is an elliptic fibration of rank one. In this case, we use the smooth model Q7(L ,M )
introduced in [36], and a generalization of the model of [21], birational to the model of
Morrison-Park [61].
3. Y is a G-model with G = SO(n) with n = 3,4,5, or 6 or with G=PSU(3). The SO(3)-
model is the generic elliptic fibration with a Mordell–Weil group Z/2Z [8, 30]. The
SO(3)-model is defined by b6 = 0 and has a fiber of type I2 over the generic point of b4.
The SO(5)-model and SO(6)-model are both derived from the SO(3)-model by the base
change b4 → t2, which replaces the fiber I2 by an I4 [30]. The model is an SO(5) (resp.
SO(6) ) when the generic fiber over V (t) is of type Ins
4
(resp. Is
4
) [30]. The SO(4)-model
is a collision of type A1 +A1 with a Mordell–Weil group Z/2Z [37]. Such a collision is
not uniquely defined since there are several Kodaira fibers whose dual graph is Ã1. The
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collisions of kodaira fibers describing the SO(4)-model that have crepant resolutions
are Ins
2
+Ins
2
, Ins
2
+Is
2
, Is
2
+Is
2
, III+Ins
2
, and III+III [35]. The PSU(3)-model has a fiber of
type Is
3
with a Mordell–Weil group Z/3Z [8].
Type Zero scheme of a section of Ambient space
Q7 O(3) ⊗ pi∗L ⊗2 ⊗ pi∗M P(OB ⊕M ⊕L )
E5 = D5 O(2) ⊗ pi∗L ⊗2, O(2) ⊗ pi∗L ⊗2 P(OB ⊕L ⊕L ⊕L )
E6 O(3) ⊗ pi∗L ⊗3 P(OB ⊕L ⊕L )
E7 O(4) ⊗ pi∗L ⊗4 P1,1,2(OB ⊕L ⊕L ⊗2)
E
′
7
O(3) ⊗ pi∗L ⊗4 P(OB ⊕L ⊕L ⊗2)
E8 O(3) ⊗ pi∗L ⊗6 P(OB ⊕L ⊗2 ⊕L ⊗3)
Table 1: The E8-model is the usual Weierstrass model defined by Deligne and Tate. The E6
and E7-models are defined in [4] while the D5-model is defined in [26]. The E
′
7
and Q7 model
are respectively introduced in [21] and [36]. The Q7-model specializes to E6 and E
′
7
when M
is L and L ⊗2 respectively.
1.1 Characteristic numbers considered
Following [33], for each of the elliptic fibrations, we compute the following six rational Chern
and Pontryagin numbers:
1. The Chern numbers
∫
Y
c1(TY )4, ∫
Y
c1(TY )2c2(TY ), ∫
Y
c1(TY )c3(TY ), ∫
Y
c22(TY ), and ∫
Y
c4(TY ).
(1.1)
2. The holomorphic genera χp(Y ) = ∑nq=0(−1)qhp,q(Y ) [54]:
χ0(Y ) = ∫
Y
Td(TY ) = 1
720
∫
Y
(−c4 + c1c3 + 3c22 + 4c21c2 − c41),
χ1(Y ) = 1
180
∫
Y
(−31c4 − 14c1c3 + 3c22 + 4c21c2 − c41),
χ2(Y ) = 1
120
∫
Y
(79c4 − 19c1c3 + 3c22 + 4c21c2 − c41).
(1.2)
3. The Pontryagin numbers ∫Y p2(TY ) and ∫Y p21(TY ), where the Pontryagin classes
p1(TY ) and p2(TY ) are defined as
p1(TY ) = c21(TY ) − 2c2(TY ),
p2(TY ) = c22(TY ) − 2c1(TY )c3(TY ) + 2c4(TY ).
(1.3)
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4. The Hirzebruch signature of a fourfold,
σ(Y ) = 1
45
∫
Y
(7p2(TY ) − p21(TY )). (1.4)
The signature is the degree of the Hirzebruch L-genus.
5. The Aˆ-genus of a fourfold,
∫
Y
Aˆ2(TY ) = 1
5760
∫
Y
(7p2
1
(TY ) − 4p2(TY )). (1.5)
By the Atiyah–Singer theorem, if the fourfold Y is a spin manifold, the degree of Aˆ2
gives the index of the Dirac operator on Y .
6. We also compute the following invariant that plays an important role in many questions
of anomaly cancellations in type IIA, M, and F-theory [65, 67]:
X8(Y ) = 1
192
∫
Y
(p21(TY ) − 4p2(TY )). (1.6)
Even though Chern numbers other than the Euler characteristic are not topological in-
variants, some are invariant under crepant birational maps as proven by Aluffi.
Theorem 1.1 (Aluffi, [2, page 3368]). For two nonsingular n-dimensional complete varieties
X and Y connected by a crepant birational map,
∫
X
c1(TX)icn−i(TX) = ∫
Y
c1(TY )icn−i(TY ), i = 0,1, . . . , n.
The following theorem asserts that the Chern numbers of fourfolds are K-equivalence
invariants. The proof follows from Theorem 1.1 of Aluffi and the birational invariance of the
Todd-genus.
Theorem 1.2 (Esole–Kang, [33]). The Chern and Pontryagin numbers of an algebraic va-
riety of complex dimension four are K-equivalence invariants.
The Chern number ∫Y c1(TY )2c2(TY ), the Aˆ-genus, and the Todd-genus (the holomor-
phic Euler characteristic) are invariants of the choice of G. They can all be expressed as
invariants of the divisor W defined by the vanishing locus of a smooth section of L .
By expressing χ0 and Aˆ in terms of Chern numbers and using the identity ∫Y c41 = 0, which
holds for any elliptic fibration related to a Weierstrass model by a crepant birational map
(see Theorem 4.1), we get the following expressions of c2
1
c2 and c1c3:
∫
Y
c21c2 = 96(χ0(Y ) − Aˆ(Y )), ∫
Y
c1c3 = 384Aˆ(Y ) + 336χ0(Y ) + χ(Y ) − 3∫
Y
c22. (1.7)
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For an elliptic fibration that is a crepant birational map away from a Weierstrass model,
this shows that ∫Y c21c2 gives the same value as a smooth Weierstrass model with the same
fundamental line bundle L . It is therefore enough to compute only ∫Y c22 and the Euler
characteristic χ(Y ) = ∫Y c4 to know all the Chern numbers.
1.2 The Calabi-Yau fourfold case
In the case of Calabi-Yau fourfolds, knowing the Euler characteristic is enough to also com-
pute other invariants such as the Chern number c2(TY )2 as a function of the Euler charac-
teristic.
Theorem 1.3. The Chern numbers and Pontryagin numbers of a Calabi-Yau fourfold depend
only on its Euler characteristic.
In the Calabi-Yau fourfold case, all Chern and Pontryagin numbers can be read from the
computation of the Euler characteristic of G-models in [32] as we have [54, 65]
∫
Y
c22(TY ) = 480 + 1
3
χ(Y ), σ = 32 + 1
3
χ(Y ),
χ0 = 2, χ1 = 8 − 1
6
χ(Y ), χ2 = 12 + 2
3
χ(Y ),
X8 = − 1
24
χ(Y ), 1
5760
∫
Y
Aˆ2 = 2.
(1.8)
For G-models, the Euler characteristic of a Calabi-Yau fourfold is given in Table 10 of [32],
which we reproduce here for completeness. We notice that the same table can be obtained
from the Euler characteristic c4(TY ) after putting L = c1, which is the condition that ensures
the triviality of the canonical class of Y .
The rest of the paper is organized as follows. In Section 2, we introduce all the models
considered in this paper. First we explain E8, E7, E6, D5, and Q7-models in Section 2.1 and
2.2. We then explain the G-models considered in this paper with G = SO(n) for n = 3,4,5,6
in Section 2.4 and with G = PSU(3) in Section 2.5. We summarize necessary pushforward
theorems used and introduce theorems for the models considered in this paper in Section 3.
Finally, we present our results in Section 4.
2 Descriptions of the elliptic fibrations considered
In this section, we introduce the elliptic fibrations considered in this paper. Namely, the
elliptic fibrations of type E8, E7, E6 [4], D5 [26], and Q7 [36], the SO(n)-models for n = 3,4,5,6
[30, 35], and the PSU(3)-model [8].
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2.1 Genus-one normal curves of degree d
The Riemann-Roch theorem for curves famously implies that a genus-one curve with a ra-
tional point can be expressed as the zero scheme of a Weierstrass equation [62]. Using some
cohomology and base change techniques, the result can also be extended to fibrations of
genus-one curves with a rational section [24, 62]. A divisor of degree d ≥ 3 defines an em-
bedding of the genus-one curve into Pd−1, such a curve is a called a genus-one normal curve
of degree d. For a review on genus-one normal curves, see [50] and [42, §3]. Some of the
historical most famous families of elliptic curves are genus-one normal curves of degree 1, 2,
3, and 4. These are precisely the genus-one normal curves that are hypersurfaces or complete
intersections in a (weighted) projective space [50]. A rational point is a divisor of degree one
on the curve. By the Riemann-Roch theorem, a divisor of degree one on a genus-one curve
yields a Weierstrass equation [62]. A divisor of degree two gives a quartic curve that can be
embedded as a quartic in a weighted projective space P1,1,2. Since the weighted projective
space P1,1,2 is mapped to a singular quadric surface by a map of degree two, we can also think
of quartic in P1,1,2 as a particular case of a complete intersection of quadric surfaces in P3.
A divisor of degree three gives a projective cubic curve in P2. A divisor of degree four gives
the complete intersection of two quadrics surfaces in P3.
In the string theory literature, an elliptic fibration whose generic fiber is a genus-one
normal curve of degree d = 1,2,3,4 is called a model of type E9−d (we recall that E5 is
isomorphic to D5) [3, 26, 54]. They are historically named after some del Pezzo surfaces in
which they can be embedded as hyperplane divisors.
A del Pezzo surface is a smooth surface with an ample anticanonical divisor [64]. It follows
that the anticanonical model of a del Pezzo surface is isomorphic to the del Pezzo surface.
The degree of a del Pezzo surface is the square of its canonical class. In string theory, a del
Pezzo surface of degree d is usually called a dP9−d. If X is a del Pezzo surface of degree d ≥ 3,
then its anticanonical model is a smooth surface of degree d in Pd. If X is a del Pezzo surface
of degree one, then its anticanonical model is a hypersurface of degree six in the weighted
projective space P1,1,2,3. IfX is a del Pezzo surface of degree two, then its anticanonical model
is a hypersurface of degree four in P1,1,2,3. A del Pezzo surface of degree eight is isomorphic
to a quadratic Veronese embedding of a quadric in P3. A del Pezzo surface of degree 3 ≤ d ≤ 8
is isomorphic to P2 blown up at (9 − d) points in general position.
In the late 1960s, Manin discovered that a del Pezzo surface X of degree d ≤ 6 is asso-
ciated with a root system E9−d [57]: the automorphism group of the incidence graph of the
exceptional curves on X is the Weyl group W(E9−d) of the Lie algebra of type E9−d. By
Bertini’s theorem, a general hyperplane section on a del Pezzo surface of degree d defines a
smooth (normal) elliptic curve of degree d. Such an elliptic curve is said to be of type E9−d
when d = 1,2,3,4,5 [3, 26, 54].
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Weierstrass model (E8-type) y2 = x3 + fx + g
Legendre family y2 = x(x − 1)(x − λ)
Hesse family (E6-type) x3 + y3 + 3µxy + 1 = 0
Jacobi’s quartic (E7-type) y2 = x4 + 2κx2 + 1
Jacobi’s intersection (D5-type) x2 + y2 − z2 = kx2 +w2 − z2 = 0
Newton’s cubic hyperbola (Q7 type) yx2 +Ax = By3 +Cy2 +Dy +E
Table 2: Some classic families of elliptic curves. The Newton’s cubic hyperbola is also than
most of these curves but has not been used until recently in [36]. The Weierstrass model was
also in Newton’s list of cubics.
2.2 E8, E7, E6, D5, and Q7-models
The model of type E8 is the usual Weierstrass model [24, 62]. The E8-model is often described
in string theory by a curve of degree six in the weighted projective space P1,2,3, specially
in toric constructions. The Weierstrass equation appears automatically in this form, but
it has a major drawback as the ambient space has singularities which require much care,
especially when doing intersection theory. In turn, we prefer using the projective bundle
P[OB ⊕L ⊗2 ⊕L ⊗3]→ B [32].
Models of type E7, E6, and E5 = D5 were first realized as hypersurfaces in weighted
projective spaces [13, 14, 51, 54]. They were generalized to arbitrary bases by using projective
bundles in [3, 26]. In [36], we introduced a new family modeled after Newton’s cubic hyperbola
generalizing the family introduced in [21]. Another generalization would be to consider elliptic
surfaces whose generic fiber are defined as hypersurfaces in toric surfaces [19, 46, 52]. There
are in total sixteen two dimensional reflexive polyhedra. By the adjunction theorem, each of
them can define a genus one curve as an anticanonical divisor.
For example, the generic equation of an elliptic fibration with Mordell–Weil group Z/2Z
has a singularity that has a crepant resolution defined by blowing up the point x = y = 0. This
turns the P2-bundle X0 = P(OB ⊕L ⊗2 ⊕L ⊗3) into a fibration of dP1 surfaces. Interestingly,
the discriminant locus has a fiber of type I2, and therefore the gauge group is SO(3) as we
have to take the quotient of SU(2) by a central Z/2Z.
1. The Weierstrass model is a zero scheme of a section of O(3)⊗pi∗L ⊗6 in P(OB ⊕L ⊗2⊕
L ⊗3). This is the usual Weierstrass model given for example by Tate’s form.
2. The elliptic fibration of type E7 is a zero scheme of a section of O(4) ⊗ pi∗L ⊗4 in
P1,1,2(OB ⊕L ⊕L ⊗2) [3]. Its generic fiber corresponds to a fiber of the Jacobi quartic.
The elliptic fibration of type E7 can be written as a zero scheme of a section of O(3)⊗
pi∗L ⊗4 in P(OB ⊕L ⊕L ⊗2) as proven in [21].
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3. The elliptic fibration of type E6 is a zero scheme of a section of O(3) ⊗ pi∗L ⊗3 in
P(OB ⊕L ⊕L ) [3]. Its generic fiber has a triple section.
4. The elliptic fibration of type D5 is a zero scheme of two sections of O(2)⊗ pi∗L ⊗2 in
P(OB⊕L ⊕L ⊕L ) [26]. Its generic fiber corresponds to a Jacobi complete intersection
(Intersection of two quadrics in P3.
5. The elliptic fibration of type Q7(L ,M ) is a zero scheme of a section of O(3)⊗pi∗L ⊗2⊗
pi∗M in P(OB⊕M ⊕L ⊗2) [36]. Its generic fiber is of the type of “cubic hyperbola” that
appeared in Newton’s classification of cubics. It extrapolates between the E
′
7
family
(at M = L ⊗2) and the family introduced by Cacciatori, Cattaneo, and van Geemen in
[21], which corresponds to M = OB.
2.3 Newton’s cubic hyperbola, Morrison-Park model, and the Q7-
model
Morrison and Park have popularized in the F-theory literature the Jacobian of an elliptic
fibration of rank one [61]. The model is also well-known to number theorists since it corre-
sponds to a genus-one normal curve of degree two in the special case where the degree-two
divisor splits into two rational points without having to introduce a field extension. A smooth
model sharing the same Jacobian appeared in the F-theory literature a year earlier in [21]
where Cacciatori, Cattaneo, and Geemen studied tadpole cancellation conditions in the spirit
of [3, 4] in a new projective bundle. The Morrison–Park model [61] matches the Jacobian of
the new model of Cacciatori, Cattaneo, and Geemen [21] after the change of variables
c0 → −1
6
c0, c1 → −c1, c2 → −6c2, c3 → −36c3, b→ 6
√
6b2. (2.1)
Both models can be traced directly to Newton’s cubic hyperbola as explained in [36], as they
can both be written as the following cubic hyperbola:
yx2 + bz2x = c0y3 + c1y2z + c2yz2 + c3z3. (2.2)
We call this model a Q7-model because the Newton’s polygon of the defining equation is a
quadrilateral with seven points on its boundary and a unique interior point (ensuring that
it describes a curve of arithmetic genus one). This Newton’s polygon is one of the sixteen
reflexive polygons of degree one [11, 53]. Since the genus-one fibration has a rational section
at z = y = 0, it is birational to a Weierstrass model, which can be determined using the results
of [7]. The model of type Q7(L ,M ) is a hypersurface in a projective bundle generalizing
the elliptic fibration introduced in [21]. We introduce two line bundles L and M and define
the ambient space as the projective bundle X0 = P(OB ⊕M ⊕L ) [36]. We denote by O(1)
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the dual of the tautological line bundle of X0. The projective coordinates [z ∶ y ∶ x] are
such that z, y, x are respectively sections of O(1), O(1)⊗L , and O(1)⊗M . The defining
equation is a section of the line bundle O(3)⊗ pi∗L ⊗2 ⊗pi∗M . The coefficient ci is a section
of L ⊗2⊗M ⊗(−2+i) and b is a section of L ⊗M . At z = 0, we also have the degree-two divisor
z = x2 − c0y2 = 0. Thus, it follows from Riemann-Roch that the Q7-model is also birational
to a quartic model [36]. The quartic model can be derived by multiplying both side of the
defining equation by y and introduce the new variable u = xy. This gives the quartic model
u(u + bz2) = y(c0y3 + c1y2z + c2yz2 + c3z3). (2.3)
The variable u is a section of O(2)⊗pi∗L⊗pi∗M . The ambient space is the weighted projective
bundle pi ∶ P1,2,1(OB ⊕U ⊕L ) Ð→ B with U = L ⊗M . The defining equation is a section
of O(4)⊗ pi∗U ⊗2. The quartic equation has double point singularities at u = b = y = c3 = 0.
2.4 G-models for G = SO(n) with n = 3, 4, 5, 6
The SO(3)-model is the generic case of a Weierstrass model with a Z/2Z torsion [8]:
y2z = x(x2 + a2xz + a4z2). (2.4)
There is a fiber of type I2 over the generic point of V (a4). The Weierstrass models for the
SO(3), SO(5), and SO(6)-models are summarized in Table 3. The SO(5) and SO(6)-models
are derived in [30].
The SO(5)-model is obtained from the SO(3)-model via a base change that converts the
section a4 to a perfect square a4 = t2 where t is a section of L ⊗2. The generic fiber over the
generic point of V (t) is of type Ins
4
. Moreover, a2 must be nonzero, otherwise the Mordell–Weil
group becomes Z/2Z ×Z/2Z, which in turn implies G = PSO(5) rather than SO(5).
The SO(6)-model is subsequently derived from the SO(5)-model by requiring that the
section a2 is a perfect square modulo t so that the fiber type over V (t) is of type Is4.
The SO(4)-model is defined by a collision of two Kodaira fibers with dual graph Ã1 with a
Mordell–Weil group Z/2Z [35]. The simplest SO(4)-model is realized by III+III, the collision
of two fibers of type III, in an elliptic fibration with a Mordell–Weil group Z/2Z. For all
the possible realizations of SO(4)-models, see Table 3. We give a crepant resolution for each
model in Table 9.
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Group Kodaira fibers Mordell–Weil Weierstrass model
SO(3) Ins2 , III Z/2Z y2z = x(x2 + a2xz + sz2)
SO(4)
Ins2 + Ins2 → Ins4
Z/2Z
y2z = x3 + a2x2z + stxz2
Ins2 + Is2 → Is4 y2z + a1xyz = x3 + ã2tx2z + stxz2
Is2 + Is2 → Is4 y2z + a1xyz = x3 + ã2stx2z + stxz2
III + Ins2 → 1 − 2 − 1 y2z = x3 + ã2sx2z + stxz2
III+III→ 1 − 2 − 1 y2z = x3 + ã2stx2z + stxz2
SO(5) Ins4 Z/2Z y2z = x(x2 + a2xz + t2z2)
SO(6) Is4 Z/2Z y2z + a1yxz = x(x2 +mtxz + t2z2) m ≠ 0,±2
PSU(3) Is3 Z/3Z y2z + a1xyz + syz2 = x3
Table 3: Weierstrass equations for the SO(n)-models for n = 3,4,5,6 [30, 35] and the PSU(3)-
model [8]. For the SO(3)-model, the divisor supporting the group is S = V (s), where s is a
section of L ⊗4. For the SO(5) and SO(6)-models, the divisor supporting the gauge group is
T = V (t), where t is a section of L ⊗2. For SO(6), m is a constant number different from 0
and ±2 [30]. For the SO(4)-model, the gauge group is semi-simple and we have two divisors
S = V (s) and T = V (t), whose classes satisfy the relation S +T = 4L. For the PSU(3)-model,
the divisor supporting the group is S = V (s), where s is a section of L ⊗3.
2.5 PSU(3)-model
The PSU(3)-model is the generic Weierstrass model with torsion Z/3Z [8]:
y2z + a1xyz + syz2 = x3. (2.5)
Its discriminant is
∆ = 1
16
s3(27s − a31). (2.6)
The model has a singular fiber of type Is
3
over V (s) where s is a smooth section of the line
bundle L ⊗3.
A crepant resolution is an embedded resolution defined by a sequence of blowups with
smooth centers. We denote the blowup Xi+1 Ð→ Xi along the ideal (f1, f2, . . . , fn) with
exceptional divisor E as:
Xi Xi+1
(f1, . . . , fn∣E)
.
A crepant resolution of a PSU(3)-model is given by the following sequence of blowups
X0 X1 X2.
(x, y, s∣e1) (y, e1∣e2)
(2.7)
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3 Pushforward theorems
In this section, we prove the pushforward theorems that are the heart of our computations.
Throughout this paper, we work over the field of complex numbers. A variety is a reduced
and irreducible algebraic scheme. We denote the vanishing locus of the sections f1, . . . , fn by
V (f1, . . . , fn). The tangent bundle of a variety X is denoted by TX and the normal bundle
of a subvariety Z of a variety X is denoted by NZX. Let V → B be a vector bundle over
a variety B. We denote the by P(V ) the projective bundle of lines in V . The Chow group
A∗(X) of a nonsingular variety X is the group of divisors modulo rational equivalence [44,
Chap. 1,§1.3]. We use [V ] to refer to the class of a subvariety V in A∗(X).
Definition 3.1 (Pushforward, [44, Chap. 1, p. 11]). Let f ∶X Ð→ Y be a proper morphism.
Let V be a subvariety of X, the image W = f(V ) a subvariety of Y , and the function field
R(V ) an extension of the function field R(W ). The pushforward f∗ ∶ A∗(X) Ð→ A∗(Y ) is
defined as follows
f∗[V ] =
⎧⎪⎪⎨⎪⎪⎩
0 if dimV ≠ dimW,
[R(V ) ∶ R(W )] [V2] if dimV = dimW, (3.1)
where [R(V ) ∶ R(W )] is the degree of the field extension R(V )/R(W ).
Definition 3.2 (Degree, [44, Chap. 1, p. 13]). The degree of a class α of A∗(X) is denoted
by ∫X α (or simply ∫ α if there is no ambiguity in the choice of X), and is defined to be the
degree of its component in A0(X).
The total homological Chern class c(X) of any nonsingular variety X of dimension d is
defined as
c(X) = c(TX) ∩ [X], (3.2)
where TX is the tangent bundle of X and [X] is the class of X in the Chow ring. The degree
of c(X) is the topological Euler characteristic of X:
χ(X) = ∫
X
c(X). (3.3)
The following Lemma gives an important functorial property of the degree.
Lemma 3.3 ([44, Chap. 1, p. 13]). Let f ∶ X Ð→ Y be a proper map between varieties. For
any class α in the Chow ring A∗(X) of X:
∫
X
α = ∫
Y
f∗α. (3.4)
Lemma 3.3 means that an intersection number in X can be computed in Y through a
pushforward of a proper map f ∶ X Ð→ Y . This simple fact has far-reaching consequences as
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it allows us to express the topological invariants of an elliptic fibration in terms of those of
the base.
Let X be a projective variety with at worst canonical Gorenstein singularities. We denote
the canonical class by KX .
Definition 3.4. A birational projective morphism ρ ∶ Y Ð→ X is called a crepant desingu-
larization of X if Y is smooth and KY = ρ∗KX .
Definition 3.5. A resolution of singularities of a variety Y is a proper surjective birational
morphism ϕ ∶ Ỹ Ð→ Y such that Ỹ is nonsingular and ϕ is an isomorphism away from the
singular locus of Y . In other words, Ỹ is nonsingular and if U is the singular locus of Y ,
ϕ maps ϕ−1(Y ∖ U) isomorphically onto Y ∖ U . A crepant resolution of singularities is a
resolution of singularities such that KY = f∗KX .
When pushing forward blowups of a projective bundle pi ∶ X0 = P[OB⊕L ⊗2⊕L ⊗3]Ð→ B,
the key ingredients are the following three theorems. The first one is a theorem of Aluffi which
gives the Chern class after a blowup along a local complete intersection. The second theorem
is a pushforward theorem that provides a user-friendly method to compute invariant of the
blowup space in terms of the original space. The last theorem is a direct consequence of
functorial properties of the Segre class and gives a simple method to pushforward analytic
expressions in the Chow ring of the projective bundle X0 to the Chow ring of its base. We
follow mostly [32].
Theorem 3.6 (Aluffi, [1, Lemma 1.3]). Let Z ⊂ X be the complete intersection of d nonsin-
gular hypersurfaces Z1, . . . , Zd meeting transversally in X. Let f ∶ X̃ Ð→ X be the blowup
of X centered at Z. We denote the exceptional divisor of f by E. The total Chern class of
X̃ is then:
c(TX̃) = (1 +E)( d∏
i=1
1 + f∗Zi −E
1 + f∗Zi )f∗c(TX). (3.5)
Lemma 3.7 (See [1, 32]). Let f ∶ X̃ Ð→ X be the blowup of X centered at Z. We denote the
exceptional divisor of f by E. Then
f∗E
n = (−1)d+1hn−d(Z1, . . . ,Zd)Z1⋯Zd, (3.6)
where hi(x1, . . . , xk) is the complete homogeneous symmetric polynomial of degree i in (x1, . . . , xk)
with the convention that hi is identically zero for i < 0 and h0 = 1.
Theorem 3.8 (Esole–Jefferson–Kang, see [32]). Let the nonsingular variety Z ⊂ X be a
complete intersection of d nonsingular hypersurfaces Z1, . . . , Zd meeting transversally in X.
Let E be the class of the exceptional divisor of the blowup f ∶ X̃ Ð→ X centered at Z. Let
Q̃(t) = ∑a f∗Qata be a formal power series with Qa ∈ A∗(X). We define the associated formal
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power series Q(t) = ∑aQata, whose coefficients pullback to the coefficients of Q̃(t). Then the
pushforward f∗Q̃(E) is
f∗Q̃(E) = d∑
ℓ=1
Q(Zℓ)Mℓ, where Mℓ = d∏
m=1
m≠ℓ
Zm
Zm −Zℓ . (3.7)
Theorem 3.9 ([43]). Let L be a line bundle over a variety B. We denote the first Chern
class of L by L = c1(L ). We define a vector bundle E = OB ⊕ ⋯ ⊕L rn of rank n + 1 and
the projective bundle of lines pi ∶ X0 = P(E ) Ð→ B. We denote by OX0(1) the dual of the
tautological line of P(E ). The first Chern class of OX0(1) is c1(OX0(1)) = H. We assume
that the rational fraction expansion of 1
c(E ) = ∏ni=1 1(1+riL) is
1
c(E ) =
m
∑
i=1
ni
∑
j=1
qij
1
(1 + riL)j . (3.8)
Let F = pi∗F0 + pi∗F1H + pi∗F2H2 +⋯ be an analytic function of H with Fi in the Chow ring
of B. Then
pi∗(F ) = m∑
i=1
ni
∑
j=1
qij
1
(j − 1)!
dj−1
dHj−1
[ 1
Hn−j
(F −F0 − F1H −⋯− Fn−1Hn−1)]∣
H=−riL
. (3.9)
Theorem 3.10 ([32]). Let L be a line bundle over a variety B and pi ∶ X0 = P(OB ⊕L ⊗2 ⊕
L ⊗3)Ð→ B a projective bundle over B. Let Q̃(t) = ∑a pi∗Qata be a formal power series in t
such that Qa ∈ A∗(B). Define the auxiliary power series Q(t) = ∑aQata. Then
pi∗Q̃(H) = −2 Q(H)
H2
∣
H=−2L
+ 3 Q(H)
H2
∣
H=−3L
+ Q(0)
6L2
, (3.10)
where L = c1(L ) and H = c1(OX0(1)) is the first Chern class of the dual of the tautological
line bundle of pi ∶X0 = P(OB ⊕L ⊗2 ⊕L ⊗3)→ B.
In particular, we have
⎧⎪⎪⎨⎪⎪⎩
pi∗1 = 0, pi∗H = 0, pi∗H2 = 1, pi∗H3 = −5L, pi∗H4 = 19L2, pi∗H5 = −65L3,
pi∗(Hk) = [(−2)k−1 − (−3)k−1]Lk−2 n ≥ 1. (3.11)
Theorem 3.11. Given the projective bundle pi ∶ X0 = P(OB ⊕ L ⊕ L ⊗2 ⊕ L ⊗2) → B, we
denoting the first Chern class of L by L and the first Chern class of the dual of the tautological
line bundle of pi by H. We have
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pi∗F (H) = (F − F0 −F1H −F2H2
H3
)∣
H=−L
− 2(F −F0 − F1H − F2H2
H3
)∣
H=−2L
+ ∂H(F − F0 −F1H −F2H2
H2
)∣
H=−2L
.
(3.12)
In particular,
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pi∗1 = 0, pi∗H = 0, pi∗H = 0, pi∗H2 = 0, pi∗H3 = 1,
pi∗H4 = −5L, pi∗H5 = 17L2, pi∗H6 = −49L3, pi∗H7 = 129L4, H7 = −321L5,
H3+k = (−L)k − 2(−2L)k − (k + 1)(−2L)k.
(3.13)
Proof. We use Theorem 3.9 with the partial fraction decomposition :
1
(1 +L)(1 + 2L)2 =
1
1 +L −
2
1 + 2L +
2
(1 + 2L)2 .
The first few terms and the generic term can be computed directly as follows
1
(1 +L)(1 + 2L)2 =
1
1 +L −
2
1 + 2L − ∂L(
1
1 + 2L)
=
∞
∑
k=0
((−L)k − 2(−2L)k − 2(k + 1)(−2L)k)
= 1 − 5L + 17L2 − 49L3 + 129L4 − 321L5 + 769L6 +⋯.
Theorem 3.12. Given the projective bundle pi ∶ X0 = P(OB ⊕ L ⊕ L ⊗2) → B. Denoting
the first Chern class of L by L and the first Chern class of the dual of the tautological line
bundle of pi by H, we have:
pi∗F (H) = −(F − F0 − F1H
H2
)∣
H=−L
+ 2(F −F0 − F1H
H2
)∣
H=−2L
. (3.14)
In particular,
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pi∗1 = 0, pi∗H = 0, pi∗H2 = 1,
pi∗H3 = −3L, pi∗H4 = +7L2, pi∗H5 = −15L3, pi∗H6 = +31L4, pi∗H7 = −63L5,
pi∗Hk+2 = −(−L)k + 2(−2L)k (k > 0).
(3.15)
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Proof. We use Theorem 3.9 with the partial fraction decomposition:
1
(1 +L)(1 + 2L) = −
1
1 +L +
2
1 + 2L
=
∞
∑
k=0
( − (−L)k + 2(−2L)k)
= 1 − 3L + 7L2 − 15L3 + 31L4 − 63L5 + 127L6 +⋯.
Theorem 3.13. Given the projective bundle pi ∶ X0 = P(OB ⊕L ⊕L ) → B. Denoting the
first Chern class of L by L and the first Chern class of the dual of the tautological line bundle
of pi by H, we have:
pi∗F = (∂LF − F0 − F1H
H2
)∣
H=−L
. (3.16)
In particular, we have
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pi∗1 = 0, pi∗H = 0, pi∗H2 = 1,
pi∗H3 = −2L, pi∗H4 = +3L2, pi∗H5 = −4L3, pi∗H6 = +5L4, pi∗H7 = −6L5,
pi∗Hk+2 = (k + 1)(−L)k (k > 0).
(3.17)
Proof. The result for pi∗F follows directly from Theorem 3.9. We can compute the first few
terms by the following expansion:
1
(1 +L)2 = −∂L
1
1 +L = −∂L(
∞
∑
k=0
(−L)k)
= 1 − 2L + 3L2 − 4L3 + 5L4 − 6L5 + 7L6 +⋯.
Theorem 3.14. Given the projective bundle pi ∶ X0 = P(OB ⊕L ⊕L ⊕L ) → B. Denoting
the first Chern class of L by L and the first Chern class of the dual of the tautological line
bundle of pi by H, we have:
pi∗F = 1
2
(∂2LF − F0 −F1H −F2H2H )H=−L. (3.18)
In particular, we have,
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pi∗1 = 0, pi∗H = 0, pi∗H2 = 0, pi∗H3 = 1
pi∗H4 = −3L, pi∗H4 = +6L2, pi∗H5 = −10L3, pi∗H6 = 15L4, pi∗H7 = −21L5,
pi∗Hk+3 = 12(k + 1)(k + 2)(−L)k (k > 0).
(3.19)
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Proof. The result for pi∗F follows directly from Theorem 3.9. We can compute the first few
terms by the following expansion:
1
(1 +L)3 =
1
2
∂2L
1
(1 +L) =
1
2
∂2L
∞
∑
k=0
(−L)k
= 1 − 3L + 6L2 − 10L3 + 15L4 − 21L5 + 28L6 +⋯.
4 Collection of results
The following theorem gives the behaviors of intersection numbers involving Chern classes
and Pontryagin classes of dimension too small to give Chern or Pontryagin numbers [33].
To give a number, they must be multiplied by an element of the Chow ring of appropriate
dimension.
Theorem 4.1. Let ϕ ∶ Y Ð→ B be an elliptic fibration given by the crepant resolution of a
singular Weierstrass model of dimension n. Then,
∫
Y
ci1(TY ) ⋅ α = ∫
B
(c1 −L)i ⋅ϕ∗α, α ∈ A∗(Y ), (4.1)
∫
Y
ci1(TY ) ⋅ ϕ∗β = ∫
B
(c1 −L)iβ, β ∈ A∗(B), (4.2)
∫
Y
cn1(TY ) = ∫
B
(c1 −L)n = 0, (4.3)
∫
Y
c3(TY ) ⋅ ϕ∗β = ∫
B
ϕ∗(c3(TY )[Y ]) ⋅ β, β ∈ A∗(B), (4.4)
∫
Y
c2(TY ) ⋅ ϕ∗β = 12∫
B
L ⋅ β, β ∈ A∗(B), (4.5)
∫
Y
p1(TY ) ⋅ ϕ∗β = ∫
B
(c1 −L)2β − 24∫
B
L ⋅ β, β ∈ A∗(B), (4.6)
where ϕ∗(c3(TY )[Y ]) are given in Table 4 and Table 10.
Proof. Since Y is a crepant resolution of a Weierstrass model, we have that the first Chern
class of Y is the pullback c1(TY ) = ϕ∗(c1−L). Equation (4.1) is therefore a direct consequence
of the projection formula and the invariance of the degree under a proper map:
∫
Y
ϕ∗(c1 −L)iα = ∫
B
ϕ∗(ϕ∗(c1 −L)iα) = ∫
B
(c1 −L)iϕ∗α. (4.7)
Equations (4.2) and (4.3) are direct specializations of equation (4.1). In particular, if Y is an
n-fold, we have ∫Y ϕ∗(c1−L)n = ∫B(c1−L)n = 0. Equation (4.4) is also a direct consequence of
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the projection formula. Equation (4.5) follows from direct computation of the pushforward of
c2 for each models. The answer is always 12L as in the case of a smooth Weierstrass model.
Equation (4.6) is derived by linear combination using p1 = c21 − 2c2 and equations (4.2) and
(4.5).
Corollary. Let ϕ ∶ Y Ð→ B be an elliptic fibration given by the crepant resolution of a
singular Weierstrass model of dimension n with fundamental line bundle L . Then,
∫
Y
c1(TY )n−1c2(TY ) = 12∫
B
(c1 −L)n−1L. (4.8)
Below are tables summarizing all the results.
The E8, E7, E6, D5, and Q7-models are considered in Tables 4–8. The pushforwards of
the third Chern classes are given in Table 4, the Chern numbers of the elliptically fibered
fourfolds are given in Table 5, the holomorphic genera of the fourfolds are given in Table 6,
the Pontryagin numbers are given in Table 7, and the Hirzebruch signatures σ, the A-genus
Aˆ2, and the curvature invariants X8 are given in Table 8.
The G-models for G = SO(n) for n = 3,4,5,6 and G = PSU(3) are considered in Tables
9–14. The sequence of blowups used to describe a crepant resolution for each G-model is
summarized in Table 9, the pushforwards of the third Chern classes are given in Table 10,
the Chern numbers of the elliptically fibered fourfolds are given in Table 11, the holomorphic
genera of the fourfolds are given in Table 12, the Pontryagin numbers are given in Table 13,
and the Hirzebruch signatures σ, the A-genus Aˆ2, and the curvature invariants X8 are given
in Table 14.
Type ϕ∗(c3(TY )[Y ])
Q7 6 (2c1L − 6L2 +LS − S2)
D5 4L(3c1 − 7L)
E6 12L(c1 − 3L)
E7 12L(c1 − 4L)
E8 12L(c1 − 6L)
Table 4: Chern numbers after pushforwards to the base. The divisor S appears in the
definition of the Q7-model, L = c1(L ), and ci denotes the ith Chern class of the base of the
fibration.
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Type c4
1
(TY ) c2
1
(TY )c2(TY ) c22(TY ) c1(TY )c3(TY ) c4(TY )
Q7 0 12L(c1 −L)2 2(12c2L − 12c1L
2
+ 22L3)
−2S(5L2 − 8LS + S2)
6L(c1 −L)(2c1 − 6L)
+6S(c1 −L)(L − S)
6L(2c2 − 6c1L + 16L2)
+6LS(c1 − 6L)
−6S2(c1 − 9L) − 6S3
D5 0 12L(c1 −L)2 12L(2c2 − 2c1L + 3L2) 4L(c1 −L)(3c1 − 7L) 4L(3c2 − 7c1L + 16L2)
E6 0 12L(c1 −L)2 24L(c2 − c1L + 2L2) 12L(c1 −L)(c1 − 3L) 12L(c2 − 3c1L + 9L2)
E7 0 12L(c1 −L)2 24L(c2 − c1L + 3L2) 12L(c1 −L)(c1 − 4L) 12L(c2 − 4c1L + 16L2)
E8 0 12L(c1 −L)2 24L(c2 − c1L + 6L2) 12L(c1 − 6L)(c1 −L) 12L(c2 − 6c1L + 36L2)
Table 5: Chern numbers of elliptically fibered fourfolds obtained from crepant resolutions of
Tate’s models. We abuse notation and omit the degree ∫ in the entries of the table. The
divisor S appears in the definition of the Q7-model, L = c1(L ), and ci denotes the ith Chern
class of the base of the fibration.
Type χ0 χ1 χ2
Q
7
1
12
L (c2
1
− 3c1L + c2 + 2L2)
−
1
3
L (2c2
1
− 27c1L + 5c2 + 55L2)
−
1
2
LS(3c1 − 13L)
+
1
2
S2(3c1 − 19L) + S3
−
1
2
L (3c2
1
+ 35c1L − 17c2 − 118L2)
+LS(3c1 − 23L)
−3S2(c1 − 35L) − 4S3
D5 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 21c1L + 5c2 + 37L2) 12L (−3c21 − 27c1L + 17c2 + 78L2)
E6 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 27c1L + 5c2 + 61L2) 12L (−3c21 − 35c1L + 17c2 + 134L2)
E7 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 36c1L + 5c2 + 106L2) 12L (−3c21 − 47c1L + 17c2 + 242L2)
E8 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 54c1L + 5c2 + 232L2) 12L (−3c21 − 71c1L + 17c2 + 554L2)
Table 6: Holomorphic genera. To ease the notation, we omit the degree ∫ in the entries of
the table. The divisor S appears in the definition of the Q7-model, L = c1(L ), and ci denotes
the ith Chern class of the base of the fibration. The holomorphic Euler characteristic χ0(Y )
is equal to χ0(W,OW ) where W is the divisor defined by L in the base.
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Type ∫Y p2(TY ) ∫Y p21(TY )
Q7
4L (−6c2
1
+ 12c2 + 41L2)
−14S (5L2 − 8LS + S2)
16L(−3c2
1
+ 6c2 + 8L2)
−8S(5L2 − 8LS + S2)
D5 12L (−2c21 + 4c2 + 9L2) 48L (−c21 + 2c2 + 2L2)
E6 24L (−c21 + 2c2 + 8L2) 48L (−c21 + 2c2 + 3L2)
E7 24L (−c21 + 2c2 + 15L2) 48L (−c21 + 2c2 + 5L2)
E8 24L(−c21 + 2c2 + 36L2) 48L(−c21 + 2c2 + 11L2)
Table 7: Pontryagin numbers. To ease the notation, we omit the degree ∫ in the entries of
the table. The divisor S appears in the definition of the Q7-model, L = c1(L ), and ci denotes
the ith Chern class of the base of the fibration.
Type 192X8 = ∫Y (p21 − 4p2) 45σ = 45 ∫Y L2 = ∫Y (7p2 − p21) 5760 ∫Y Aˆ2 = ∫Y (7p21 − 4p2)
Q
7
48(c2
1
L − 2c2L − 11L3)
+48S(5L2 − 8LS + S2)
60L(−2c2
1
+ 4c2 + 17L2)
−90S(5L2 − 8LS + S2) 240L (−c
2
1
+ 2c2 +L2)
D5 48L (c2
1
− 2c2 − 7L2) 60L (−2c21 + 4c2 + 11L2) 240L (−c21 + 2c2 +L2)
E6 48L (c2
1
− 2c2 − 13L2) 120L (−c21 + 2c2 + 10L2) 240L (−c21 + 2c2 +L2)
E7 48L (c2
1
− 2c2 − 25L2) 120L (−c21 + 2c2 + 19L2) 240L (−c21 + 2c2 +L2)
E8 48L (c2
1
− 2c2 − 61L2) 120L (−c21 + 2c2 + 46L2) 240L (−c21 + 2c2 +L2)
Table 8: Characteristic invariants: the anomaly invariant X8, the signature σ, and the index
of the Aˆ-genus. To ease the notation, we abuse notation and omit the degree ∫ in the entries
of the table. The divisor S appears in the definition of the Q7-model, L = c1(L ), and ci
denotes the ith Chern class of the base of the fibration.
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Group Fiber Type Crepant Resolution
SO(3) Ins2 , III X0 X1(x, y∣e1)
PSU(3) Is3 X0 X1 X2(x, y, s∣e1) (y, e1∣e2)
SO(4)
Ins2 + I
s
2
Is2 + I
s
2
III + Ins2
III + Is2
III + III
X0 X1 X2
(x, y, s∣e1) (x, y, t∣w1)
SO(5) Ins4 X0 X1 X2(x, y, s∣e1) (x, y, e1∣e2)
SO(6) Is
4 X0 X1 X2 X3
(x, y, s∣e1) (y, e1∣e2) (x, e2∣e3)
Table 9: The blowup centers of the crepant resolutions. The variable s and t is a section of
the line bundles OB(S) and OB(T ). The SO(4)-model has reducible Kodaira fibers supported
on smooth divisors of classes T and S = 4L − T . For the notation, see Section 2.5.
Algebra Mordell–Weil G Kodaira ϕ∗(c3(TY )[Y ])
A1 Z2 SO(3) Ins2 , III 12L(c1 − 4L)
A2 Z3 PSU(3) Is3 12L(c1 − 3L)
A1 +A1 Z2 SO(4)
Ins2 + I
s
2
Is2 + I
s
2
III + Ins2
III + Is2
III + III
12L(c1 − 4L) + 16LT − 4T 2
B2 Z2 SO(5) Ins4 4L(3c1 − 8L)
A3 Z2 SO(6) Is4 12L(c1 − 2L)
Table 10: Chern numbers after pushforwards to the base. The SO(4)-model has reducible
Kodaira fibers supported on smooth divisors of classes T and S = 4L − T . By definition,
L = c1(L ) and ci denotes the ith Chern class of the base of the fibration.
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Type c4
1
(TY ) c2
1
(TY )c2(TY ) c22(TY ) c1(TY )c3(TY ) c4(TY )
SO(3) 0 12L(c1 −L)2 24L(c2 − c1L + 3L2) 12L(c1 −L)(c1 − 4L) 12L(c2 − 4c1L + 16L2)
PSU(3) 0 12L(c1 −L)2 24L(c2 − c1L + 2L2) 12L(c1 − 3L)(c1 −L) 12L(c2 − 3c1L + 9L2)
SO(4) 0 12L(c1 −L)2 24L(c2 − c1L + 3L
2)
−32L2T + 8LT 2
12L(c1 −L)(c1 − 4L)
+16T (c1 −L)(L − 4T )
12L(c2 − 4c1L + 16L2)
−4T (c1 − 7L)(T − 4L)
SO(5) 0 12L(c1 −L)2 8L(3c2 − 3c1L + 5L2) 4L(c1 −L)(3c1 − 8L) 4L(3c2 − 8c1L + 20L2)
SO(6) 0 12L(c1 −L)2 8L(3c2 + 4L2 − 3c1L) 12L(c1 −L)(c1 − 2L) 12L(c2 − 2c1 + 4L2)
Table 11: Chern numbers of elliptically fibered fourfolds obtained from crepant resolutions
of Tate’s models. We abuse notation and omit the degree ∫ in the entries of the table. The
SO(4)-model has reducible Kodaira fibers supported on smooth divisors of classes T and
S = 4L − T . By definition, L = c1(L ) and ci denotes the ith Chern class of the base of the
fibration.
Type χ0 χ1 χ2
SO(3) 1
12
L(c2
1
+ c2 − 3c1L + 2L2) −13L(2c21 + 5c2 − 36c1L + 106L2) 12L(−3c21 + 17c2 − 47c1L + 242L2)
PSU(3) 1
12
L(c2
1
+ c2 − 3c1L + 2L2) −13L(2c21 + 5c2 − 27c1L + 61L2) 12L(−3c21 + 17c2 − 35c1L + 134L2)
SO(4) 1
12
L(c2
1
+ c2 − 3c1L + 2L2)
−
1
3
L(2c2
1
+ 5c2 − 36c1L + 106L2)
−T (c1 − 5L)(4L − T )
−
1
2
L(3c2
1
− 17c2 + 47c1L − 242L2)
+2T (c1 − 9L)(4L − T )
SO(5) 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 24c1L + 5c2 + 46L2) −12L (3c21 + 31c1L − 17c2 − 98L2)
SO(6) 1
12
L (c2
1
− 3c1L + c2 + 2L2) −13L (2c21 − 18c1L + 5c2 + 28L2) −12L (3c21 + 23c1L − 17c2 − 58L2)
Table 12: Holomorphic genera. To ease the notation, we omit the degree ∫ in the entries of
the table. The SO(4)-model has reducible Kodaira fibers supported on smooth divisors of
classes T and S = 4L − T . By definition, L = c1(L ) and ci denotes the ith Chern class of
the base of the fibration. The holomorphic Euler characteristic χ0(Y ) is equal to χ0(W,OW )
where W is the divisor defined by L in the base.
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Type ∫Y p2(TY ) ∫Y p21(TY )
SO(3) 24L(−c2
1
+ 2c2 + 15L2) 48L(−c21 + 2c2 + 5L2)
PSU(3) 24L(−c2
1
+ 2c2 + 8L2) 48L(−c21 + 2c2 + 3L2)
SO(4) 24L(−c2
1
+ 2c2 + 15L2) − 56LT (4L − T ) 48L(−c21 + 2c2 + 5L2) − 32LT (4L − T )
SO(5) 8L (−3c2
1
+ 6c2 + 17L2) 16L (−3c21 + 6c2 + 7L2)
SO(6) 8L (−3c2
1
+ 6c2 + 10L2) 16L (−3c21 + 6c2 + 5L2)
Table 13: Pontryagin numbers. To ease the notation, we omit the degree ∫ in the entries
of the table. The SO(4)-model has reducible Kodaira fibers supported on smooth divisors of
classes T and S = 4L−T . By definition, L = c1(L ) and ci denotes the ith Chern class of the
base of the fibration.
Type 192X8 = ∫Y (p21 − 4p2) 45σ = 45 ∫Y L2 = ∫Y (7p2 − p21) 5760 ∫Y Aˆ2 = ∫Y (7p21 − 4p2)
SO(3) 48L(c2
1
− 2c2 − 25L2) 120L(−c21 + 2c2 + 19L2) 240L(−c21 + 2c2 +L2)
PSU(3) 48L(c2
1
− 2c2 − 13L2) 120L(−c21 + 2c2 + 10L2) 240L(−c21 + 2c2 +L2)
SO(4) 48L(c21 − 2c2 − 25L2)
+192LT (4L − T )
120L(−c2
1
+ 2c2 + 19L2)
−360LT (4L − T ) 240L(−c
2
1
+ 2c2 +L2)
SO(5) −48L (−c2
1
+ 2c2 + 9L2) 120L (−c21 + 2c2 + 7L2) 240L(−c21 + 2c2 +L2)
SO(6) −48L (−c2
1
+ 2c2 + 5L2) 120L (−c21 + 2c2 + 4L2) 240L(−c21 + 2c2 +L2)
Table 14: Characteristic invariants: the anomaly invariant X8, the signature σ, and the index
of the Aˆ-genus. To ease the notation, we abuse notation and omit the degree ∫ in the entries
of the table. The SO(4)-model has reducible Kodaira fibers supported on smooth divisors of
classes T and S = 4L−T . By definition, L = c1(L ) and ci denotes the ith Chern class of the
base of the fibration.
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